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Abstract. For cofinite Kleinian groups (or equivalently, finite-volume three-dimensional hyperbolic 
orbifolds) with finite-dimensional unitary representations, we evaluate the regularized determinant of 
the Laplacian using W. Miiller's regularization. We give an explicit formula relating the determinant 
to the Selberg zeta-function. 



1. Introduction 

The regularized determinant of the Laplacian has been well studied on Riemann surfaces. In the 
case of compact Riemann surfaces, D'Hoker and Phong |DP86], and Sarnak |Sar87| related the 
regularized determinant to the Selberg zeta-function. 

For non-cocompact cofinite Fuchsian groups (or equivalently, finite-area non-compact Riemann 
surfaces with elliptic fixed points) Venkov, Kalinin, and Faddeev [VKF73] defined a regularized 
determinant for the Laplacian A and related the determinant to the Selberg zeta-function. They 
regularized the trace of the resolvent kernel using the theory of Krein's spectral shift function 
IKre53IIBK621IYaf92l . 

Efrat [Efr88 Efr91| defined a regularized determinant for cofinite torsion-free Fuchsian groups 
with singular characters, and related it to the Selberg zeta-function. His regularization was essen- 
tially based on the Selberg trace formula. Efrat's paper gave rise to an interesting question: Can 
the regularized determinant be defined cleanly in terms of general operator theory? In the compact 
case, the answer is yes. Here zeta-regularization is defined in terms of the heat kernel, which is of 
trace-class. In the non-compact case the heat kernel is not even Hilbert-Schmidt. 

W. Miiller llMul98l lMul83l IMiil87[ IMul92l applied Krein's theory to define a regularization of the 
determinant, a relative determinant det(H, Hq) for two self -adjoint operators H,Hq, satisfying 
tr [e~ Hi - e- H °) < oo. 

Miiller's regularization can be used for elliptic operators on non-compact manifolds. In |Mul92|, 
Miiller evaluates his determinant for the case of the Laplacian for finite-area surfaces with hy- 
perbolic ends (a class of surfaces that includes Riemann surfaces), and relates the determinant to 
Efrat's regularization (and hence to the Selberg zeta-function). 

In |Par05| J. Park studies a closely related problem. He studies eta-invarients of Dirac operators, 
and relates the regularized determinant of the Dirac Laplacian to the Selberg zeta-function for 
odd-dimensional hyperbolic manifolds with cusps. Park also uses the regularized determinant to 
extract information about Selberg zeta-function. 



REGULARIZED DETERMINANTS OF THE LAPLACIAN 



2 



Regularized determinants have also been evaluated in the case of infinite volume Riemann sur- 
faces, by Borthwick, Judge, and Perry [ BJP | . 

In this paper, we evaluate Muller's relative determinant of A for the case of finite- volume three- 
dimensional hyperbolic orbifolds with finite-dimensional unitary representations. Or in other 
words the Laplacian acting on the Hilbert space of x~ automorphic (x is a finite-dimensional uni- 
tary representation) functions on hyperbolic three-space. We relate the determinant to the Selberg 
zeta-function using the appropriate version of the Selberg trace formula (proved previously in 
|Fri05allFTi05bl ). 

We remark that zeta-regularization of determinants has found application in quantum field theory, 
in the works of Dowker and Critchley IDC76I , Hawking |Haw77| , Elizalde et al. |EOR+94| , and 
Bytsenko, Cognola and Zerbini |BCZ97|. 

Main Results. Next we define some of the basic notions needed to state our main results. A 
Kleinian group is a discrete subgroup of PSL(2, C) = SL(2, C)/ ± /. Each element of PSL(2, C) is 
identified with a Mobius transformation, and has a well-known action on hyperbolic three-space 
H 3 and on its boundary at infinity — the Riemann sphere P 1 (see |EGM98, Section 1.1]) . A Kleinian 
group is cofinite iff it has a fundamental domain T C H 3 of finite hyperbolic volume. 

We use the following coordinate system for hyperbolic three-space, H 3 = {(x, y, r) 6 M 3 | r > 0} = 
{(z, r) \z € C, r > 0} = {z + rj 6 IR 3 | r > 0}, with the hyperbolic metric 

, 2 dx 2 + dy 2 + dr 2 
ds = s , 



and volume form 

dv 

The Laplace-Beltrami operator is defined by 



dx dy dz 



A = -r 2 {— + — + —) +r — 
dx 2 dy 2 dr 2 dr ' 

and it acts on the space of smooth functions / : H 3 V, where V is a finite-dimensional complex 
vector space with inner-product ( , )y . 

Suppose that T is a cofinite Kleinian group and \ € Rep(r, V) (Rep(r, V) is the space of finite- 
dimensional unitary representations of T in V). Then the Hilbert space of x^ au t° mor phic measur- 
able functions is defined by 

H(r, x ) = {f:u 3 ^v\ f( 7 P) = xd)f(P) v 7 € r, 

PeH 3 ,and(/,/> = fr(f(P)J(P)) v dv(P)<^}. 

Here T is a fundamental domain for V in H 3 , and ( , ) v is the inner product on V. Finally, let 
A = A(T, x) be the corresponding positive self-adjoint Laplace-Beltrami operator on H(r, x) ■ 

Next we briefly describe the motivation for the functional regularized determinant. Let f(s) — 
zT mev Kn ^ e a sum over the non-zero eigenvalues of A . Then formally 



no) - -£-/(*; 

as 



s=0 



\m£T> 




V " log(A) 
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and 

e-?w = n A - 

A m #0 

With this formal calculation in mind, one can think of e~f ^ as the regularized determinant. Now, 
typically, /(0) does not even converge, but f(s) does converge for Re(s) sufficiently large. Analytic 
continuation gives a possible value for /'(0). 

The formal argument above works well when the orbifold in question is compact. In the non- 
compact case we compare A with another self adjoint operator, Ao, the self-adjoint extension of 
the operator 

£ {- r2 & 2 +r i) : ® c °°° ([y ' ^ ~ © L2 ^ 00)1 r " rfr ) 

i=l ^ ' i=l i=l 

with respect to Dirichlet boundary conditions ( {/ € Cq° ([Y,oo)) | /(V) = 0}). See £13.31 for the 
definitions of the notations used above. Define the projection (onto the constant Fourier coefficient) 

p : H(r, x) h- L 2 ([Y, oo), r^dr) 
i=i 

by 

Po[/](r) = -Hp? J Poo f(x,y,r) dxdy for r > F. 
Once again, see £|3.3l for the definitions of the notations used above. 

The analogue of f(s) for non-compact spaces, following Miiller, is the relative zeta-function 

((s,A,A ) = — / t*- 1 (tx{e- At -e- Aot p ) -dimkerZi) dt. 
1 ( s ) Jo 

Here Re(s) > 2. Note that in order for the integral above to converge, we need to know the 
asymptotics of 

tr (e~ A 1 - e~ Ao f p ) - dim ker A 
at both t = and t = 00. These asymptotics are given in Lemma [473] 

Our main article of interest is the regularized characteristic polynomial, det (A — (l — s 2 )) , which we 
call the regularized determinant. For Re(s) > 2 define 

1 r°° 

H(w, s) = H(w, s, A, Ao) = — -- / r- 1 tr (e" A 1 - e~ A ° %) e^ 1 "^ dt, 

l(w) Jo 

and following [Sar§3, we define 

det(Z\-(l- s 2 )) = e -if(M. 

Our main results are: 

Theorem. Let The a cofinite Kleinian group with one cusp at infinity, and let \ € Rep(T, V) . Then there 
exists constants C%, C3, Di, depending on V and x (they are explicitly determined in §5} such that 

log det (A -(1 - s 2 )) = log Z(s, r, x) + a (*(r, x) log(F) + d) 



+ [r j7 F j iogr( s + 1) + - ^ logs - ^c 3S 3 - £>i. 
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Here Z(s, T, \) is the Selberg zeta-function (see Q5.1h fl(s) is a meromorphic function (see Equation \5.3h 
The constant Y comes about from the decomposition of T — Ty U T Y into a compact set Ty and a 
noncompact cusp sector T Y (see "M.Wf or more details). 

The rest of the notation is defined in Sj5] 

Corollary. Let The a cofinite torsion-free Kleinian group with one cusp at infinity, and let \ e Rep(T, V) 
be a regular character. Then 

det (A -(1 - s 2 )) = Z(s, T, x) ex P ^-s 3 ™ 1 ^} ^ + aL^, V>)J . 

The constant L(A 0o ,ip) comes about from regularity at a cusp, and its value is computed using 
Kroneckers second limit formula. It can be realized explicitly using the Siegel function <7_„ )U (r) , 
namely 

— 2tt 

L(A,V) = —]og\g- v ,« (r)|. 

See ij3.1.1l for more details. 



Corollary. Let Tbea cocompact Kleinian group, \ & Rep(T, V) . Then 

6n 

tr v x(R) logiY(To) 



det(Z\-(l- S 2 )) =zT( s ,r, X )exp - S 3 ^ >- + sC E 



where 



,,, 41 £(R) I sin^f^v) 

{-R}nce v m(R) ' 

The constant Ce is related to the non-cuspidal elliptic elements of T. See £13.1.2| for more details. 

I would like to thank Professor Leon Takhtajan for originally suggesting this problem to me, for 
reading over this paper, and for useful discussions. I would also like to thank Professor Werner 
Miiller for answering some questions of mine related to the writing of this paper. 

I would also like to thank the anonymous referee, for pointing out some important errors, and for 
suggesting very useful comments. 



2. General Definition of the Relative Zeta-function 



In this section (following [Mul98]) we state some basic facts concerning Krein's spectral shift func- 
tion, and show how they lead to the definition of the general relative zeta-function. Later, in 2J we 
specialize to A on TL(r, x) ■ For more details on the spectral shift function see [Kre53. BK62, Yaf92[. 

We first establish some notation. For B, a self-adjoint operator on H, cr{B) and <r ess (B) are the 
spectrum and essential spectrum of B respectively. 

Let A and Aq, be bounded self-adjoint operators in H. Suppose that V = A — Aq is of trace-class. 

Let Rq(z) = (A — zy 1 be the resolvent Aq. The spectral shift function of A and A 

(2.1) £(A) =£(\;A,A ) = vr" 1 lim argdet (1 + W? (A + ze)) , 
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exists for a.e. A e M, is real-valued, and belongs to L 1 (R). The determinant in (12.1b is the Fredholm 
determinant. In addition, 

tv(A-A ) = [ £(A)dA, U\\ < p-^o||i, 
where | • 1 1 1 is the trace norm. 

The theory of the spectral shift function is reminiscent of the Selberg trace formula. Let 

G = j<£ : M -> R | <p E L 1 and ^ |£(p)|(l + |p|) dp < oo j . 
Then for every cf> E G, 4>{A) — <X^4o) is a trace class operator and 

tr(0(A) - 0(A O )) = / 0'(A)£(A) dA. 

Part|3]of the next lemma will allow us to define the relative zeta function for H, Hq. 

Lemma 2.1. [Miil98 . Page 315] Let H, H be two non-negative self-adjoint operators in 7i and assume 
that e~ tH — e~ tH ° is a trace class operator for t > 0. Then there exists a unique real valued locally integrable 
function £(A) = £(A; H, H )onR such that for each t > 0, e~* A £(A) e i 1 (R) and the following conditions 
hold: 

(1) tr(e- tff - e- tH «) = -t J °° e - tA £(A) dX. 

(2) For every 4> € Q, <t>(H) — <ft(H a ) is a trace class operator and 

tr(4>(H) - 4>(H )) = yV(A)£(A) dA. 

(3) In addition, suppose a ess (H ) C [c, oo), where c > 0; f/ien keriJ and keriJ arc both finite- 
dimensional, and there exists c\ > swc/z i/zai 

tr(e"* ff - e- tH ") = dimkcriJ - dimkcr H + 0(e~ Cl *) 

as t — > oo. 

Let ft, = dim kcr iJ — dim ker iJ - Then it follows from Lemma IZll that for Re(s) > 0, the integral 

I™ t s - l {tr(e- tH -e- tH °)-h) dt 
Jo 

converges absolutely. 

Definition 2.2. MMul98l Page 3171 Suppose that o- ess {H ) C [c, oo), where c > 0. Then for Re (s) > 0, 
the relative zeta-f unction of H and Hq, ((s;H, Hq) is defined by 

C(s;H,H Q ) = f ±-J t*- 1 {tv {e- tH - e- tH °) - h) dt 

3. The Operators A, A and their Heat Kernels 
The main goal of this section is to give an explicit formula for 



REGULARIZED DETERMINANTS OF THE LAPLACIAN 6 

3.1. Notation. Before we can define Aq we must establish some notation (see [Fri05a, Fri05b[ for 
more details). In order to simplify our notation (and to make our paper more readable) we present 
our results under the assumption: 

Assumption 3.1. The cofinite Kleinian group T has only one class of cusps at ( = oo e P, and 

X G Rep(r, V) . The lattice associated with ( — oo is 

Aoo = Z Zt q , Im(r a ) > 0. 

Let Tqo < r denote the stabilizer subgroup of the cusp at infinity ( = 00, 

Too = { 7 € T I 7(00) = 00 }, 

and let be the maximal torsion-free parabolic subgroup of . By definition (of a cusp), T'^ is 
a free abelian group of rank two. The possible values for the index of [Too ■ r£»] are 1,2,3,4, and 6. 
See IEGM98I . 

The subgroup T'^ is canonically isomorphic to a lattice = Z © Ztq, . Without loss of generality 
we can assume that lm(r a ) > 0. Let e be root of unity of order [Too : T^J. Then 

(1) 

1 b 
1 



b G A c 



r , 0O = 

(2) 

1 beA oo ,n = 0,...[T oo :T , oo }\/{±I}. 



r — 



Let C C be a fundamental domairfl for the action of Too on C, and let V' be the fundamental 
parallelogram with base point at the origin for the lattice Aqo . For Y > set 

F Y = T{Y) = {z + rj\z€T,r>Y}. 

Then for Y sufficiently large, there exists a compact set Ty , disjoint from T Y ' , so that T = Ty\JT Y 
is a fundamental domain for T. 

Define the singular space by 

(3.1) V 00 = {veV\ X (l)v = v, VTeTeo}, 
and the almost singular space 

(3.2) V r 4 = {«eV|x(7> = «, V 7 e4). 

If dimyoo > 0, then \ is called singular with index of singularity k(T, x) = hoc = dim Voo ■ If 
dim Voo = 0, then x is called regular. Set Zoo = dim V^. Let Poo denote the orthogonal projection 

Poo : Vac. 

Fix an orthonormal basis {vi}^ for Voo- For P G H 3 , Re(s) > 1, and i = 1 . . .fcoc,; we define the 
Eisenstein series by 

E i (P,*)=E(P ) a ) i,I\ X )= £ (r(MP)) 1+5 x(M)^ i . 

mgToo \r 



^The set P is a euclidean polygon. 



REGULARIZED DETERMINANTS OF THE LAPLACIAN 



7 



The series Ei(P, s) converges uniformly and absolutely on compact subsets of {Re(s) > 1} x H 3 to 
a x— automorphic function that satisfies 

AE( • , s, a, v) = XE( ■ , s, a, v), A = l — s 2 , 

and admits a meromorphic continuation to the whole complex plane [Fri05a|. 

For P = z + rj, P' = z' + r'j G H 3 set 

6(P,P') = 



2rr' 

It follows that S(P, P') = cosh(d(P, P')), where d denotes the hyperbolic distance in H 3 . Next, for 
k G S = S([l, oo)) a Schwartz-clas^ function, define K(P, Q) by 

K(P,Q)=k(6(P,Q)). 

The function K(P, Q) is called a point-pair invariant. Set 

K T (P,Q) = J2x(l)K(P^Q). 
7er 

The decay properties of the function k guarantee that the series above converges absolutely and 
uniformly on compact subsets of H 3 x H 3 [EGM98. Theorem 6.4.1]. The function Kr(P, Q) is the 
kernel of a bounded operator K. : H(r, %) i— > H(r, x) ■ 

The function k leads to two other useful function: h, the Selberg-Harish-Chandra transform of fc; 
and g, the Fourier transform of h. Explicitly: 

(3.3) ft(A) = Mi-« a ) = - r k(\(t + -\\{t s -r s )(t--\ ^-,\ = l~ s \ 



s./i V 2 V t ) I \ t ) t 

and for r G M set 



9(r) = ^- I h(l + x 2 )e-™ r dx. 
2lT Js. 



For v, w G V let v ® w be the linear operator in V defined by v <g> w(x) =< x,w > v. An immediate 
application of the Spectral Decomposition Theorem ([Fri05a, Fri05b]), and the Selberg-Harish- 
Chandra Transform yields (see [EGM98. Equation 6.4.10, page 278]): 

Lemma 3.2. Let k G S and h : C — > C be the Selberg-Harish-Chandra Transform ofk. Then 
(3.4) K V {P,Q) = h{\ m )e m {P)®^Jff) 



h 

T~zCi^T / h(l + x 2 )E l (P,ix)®Ei(Q,ix)dt, 
i=i I I 



where \V\ denotes the euclidian area ofV C C. The sum and integrals converge absolutely and uniformly 
on compact subsets of H 3 x H 3 . 

We conclude this section with some notation that will be needed to state our main result. 



2 The space of smooth functions fc : [1, oo) — » C that satisfy lim I _ 00 ic n fc( m ' (x) = for all n, m 6 N> . 
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3.1.1. Regular representations and Siegel's theta function. Recall that Aoo = Z Zr c C with Im(r) > 
0. It follows that x restricted to (the abelian group) diagonalizes into character^ ipi for I = 
1 . . .loo , arid the identity character for I ~ + 1 . . . dim V. For each ipi, ui,vi G R are not both 
integers, satisfying tpi(l) = e 27TlUl and ipi(r) — e 27TlVl . We define 

— 2ir 

L(A oo ,-0 i ) = log\g- VuUl (r)| , 

y 

where g au a 2 is the Siegel function, 

oo 

9 ai ,a 2 (r) = -4V2)B a (-i) e aTi« a (a 1 -l)/2 (1 _ &) J] (1 _£«,,)(!_ ? »/ & ), 

B 2 (X) = X 2 - X + 1/6, q T = e 2mT , q z = e 27Tiz , and z = a X T + a 2 . 



3.1.2. Non-cuspidal elliptic elements. Let {i?} nC e he a set of representatives of the non-cuspidal ellip- 
tic elements of T, the elliptic elements that do not fix a cusp (oo under Assumption 13.1b . Following 
IEGM981 Definition 5.3.2], the Elliptic number of T is 

tr v x(R) log (To) 



E 



4\S(R)\sin'(-?*y 



For a fixed representative R, N(To) is the minimal norm of a hyperbolic or loxodromic element 
of the centralizer C(R). The element R is understood to be a k— th power of a primitive non cus- 
pidal elliptic element i?o € C(i?) describing a hyperbolic rotation around the fixed axis of R with 
minimal rotation angle . Further, £ (R) is the maximal finite subgroup contained in C(R). 

3.1.3. Cuspidal elliptic elements. Denote by C£ set of elements of T which are T-conjugate to an ele- 
ment of Too \ T'oo — {7 S Too I 7 is not parabolic nor the identity element }. We fix representatives 
of conjugacy classes of C£, g\, . . . , gj^that have the form 



(3.5) 



(^r 1 



Let C(g) denote the centralizer in T of an element g e C£ . In addition, let {pi, 00} be the set of fixed 
points in P of the element gi. Since gi is a cuspidal elliptic element it follows that pi is a cusp of T 
(see [EGM98| page 52). Hence by Assumption 13.11 there is an element 74 e T with 7^00 = p ( . Let Cj 
is the lower left hand (matrix) entry of 7, . 

3.2. The Heat Kernel of A as a Poincare Series. The heat kernel f oj0 A on H 3 is a function 

u : H 3 x H 3 x (0, 00) i— > M 

satisfying 

e~ At f(P)= I u{P,Q,t)f{Q)dv{P), 



3 One-dimensional unitary representations. 



4 There are only finitely many distinct conjugacy classes of elliptic elements in a cofinite Kleinian group 
*HVe abuse notation and allow I 
operator on smooth functions of H 3 



*HVe abuse notation and allow A to represent both the self-adjoint operator on H(r, x) and the standard differential 



REGULARIZED DETERMINANTS OF THE LAPLACIAN 9 

for all / in the domain of the self-adjoint operator e~ A It is a classical result [Dav89J that 

(3.6) u(P,Q,t) = u(p.t) = (47rfr 3/2 — P — exp f-t- — V where p = d(P, Q). 

sinn p \ At J 

In order to apply the theory of point pair invariants, we need to find a Schwartz-class function k t 
so that 

k t (S(P,Q)) = k t (cosh(d(P,Q)) = u(P,Q,t). 

Using the formula: 

cosh -1 (a;) = ln(x + y/ x 2 — 1), for x > 1, 

we obtain 



e-* lnfr + V^T) f - (ln(x + v 7 ^!))' 
(3-7) fct(3:) = , A -t^to , = = exp 1 



(47rf) 3 / 2 ^ 4* 

Observ^that as x — > 1 + , fc t (a;) — > ^^3 /2 , and that fe t € 5. We have: 
Lemma 3.3. Lef 

Xr(P, Q, t, X ) = J2 x(l)kt(S(P, 7 Q)). 
T/ien Kr(P, Q 7 1, x) is the heat kernel for A on the Hilbert space H(r, x) ■ 

It follows from Equation |3.3| and Lemma [3 .21 that h(x) — e~ tx . By definition 

exp(— t) 



g{r) = _L J p-H+^t^xr dx = 



ex P _ 77 



By applying Lemma|3]2]we obtain the spectral expansion of Kr 



(3.8) K r (P Q, t, X )=Yl e~ Amt e m (P) ® e m (Q) 

+ 7-Z!pST / exp (-(1 + x 2 )i) E,(P,ia;) <8> £j(Q, is) da:. 

Z=l I' I "'K 



3.3. The Operator A a and its Heat Kernel. For T = Ty U T Y , let Z\ be the self -adjoint extension 
of the operator 

£ (~ r2 £ + ^) 1 © C °°° ([y ' °°» " © L " ^ ^ r " 3 ^ 

i=l ^ ' i=l i=l 

with respect to Dirichlet boundary conditions ( {/ e C£° ([V,oo)) | /(F) = 0}). Note that Z\ 
depends on Y. It is understood that A acts componentwise with respect to the basis for fixed 
in 8j3.ll The operator Aq can be thought of as a Laplacian operator in its own right. In fact Aq is 
closely related to the restriction of A to T Y . Define 

fcoo 

Po : H(r, x)^®i 2 {[Y, oo), r- 3 dr) 



^The limit follows from applying l'Hopital's rule to either 13.61 or 13.71 . The fact that the singularity cancels out is one 
advantage to working the the heat kernel instead of the resolvent kernel, which has a singularity and must be iterated. 
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by 

Po [/](*") = J P oo f(x,y,r) dxdy for r > Y. 
Lemma 3.4. For a// / in the domain of A, 

p [Af] = A p Q [f). 

Proof. The proof follows from IIEGM981 Pages 236-237] and the definition of p . □ 

For T = Ty U .P y , t > 0, P = z + rj, P' = z' + r'j € J" define 

(3.9) 

fc(PP',F)E 



rr' cxp( — i) 

00 fpjTJw* 



exp 



^ logV/r') ^ _ exp ^ (log(rr')-21og(Y)) 2 ^ 



for P, P' G J 71 



else 

The classical theory of the Heat Equation, for the half line, tells us that k is the heat kernel of A 
In other words: 

Lemma 3.5. For all f e H(r,x), 

e~ A °%[f} = / k(-,P',t)f(P')dv(P J ). 



3.4. The Regularized Trace. In this section we will prove that the regularized heat kernel 

e -At_ e -A t po 

is of trace-class. Then using ideas from the standard proof of the Selberg trace formula, we will 
evaluate the trace explicitly. But before we can proceed, we need Theorem 13.61 Its proof is based 
on the classical Poisson Summation Formula, and it is proved in Appendix lAl 



Theorem 3.6. For P = z + rj, P' = z' + r'j e T y , 



^ (P ' P '^ ) = P - rr '^ eXP l-^ 1+0(1) ' 



,exp(-t) / log 2 (r/r') 



Theorem 3.7. The operator 
is of trace-class. 



e -At_ e -A t pQ 



Proof. The proof is based on the decay properties of Theorem 13.61 and Equation 13.91 and a clever 
trick, using the semi-group properties of the heat kernels, of Deif t-Simon. We follow | Mul83 , Page 
259] and BPar051 Prop. 2.1]. First note that by Theorem 1531 and Equation [3T9l e~ At - e~ A ° 'p is 
Hilbert-Schmidt. 

Next write e~ A * - A ° *p as 

(3.10) e- A Ue- AT -e- A ° T p ) + (e~ A T - e~ A « T p ) 6~ A ° T , 
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where r = t/2. Next choose a function / e C°°{T) so that < / < 1, /(P) = 1 if P e T Y , 
F(z + rj) = (Y/r) 1 / 4 if P = z + rj € T Y . Let mj be the multiplication operator by /. Now rewrite 
J3. 1 0|) once again as 

e~ AT m f mj 1 (e~ A T - e~ A " r p ) + (e - A T - e~ A ° r p ) m^m/e - A ° T . 

The idea is to borrow r -1 / 4 from e" Ar — e _/lDT po and lend it to e^^ 1 " and e~ A ° T . It follows 
from Theorem |3.6| and Equation [379] that each of the operators e~ mj, mj 1 (e~ At — e~ A ° r p ) , 
(e~ Ar - e~^ or p ) mj 1 , and m f e~ A ° T is Hilbert-Schmidt. Hence e~ At - e^ Aot p is of trace- 
class. For more details, see [Miil83. Page 259]. □ 



Now we can apply standard Selberg theory to explicitly evaluate the integral trace 

J (try K r (P, P,t, X )- try k(P, P, <)) dv(P). 

Let 6(s) be the scattering matrix of A . That is the matrix formed from the constant terms of the 
Fourier coefficients of the Eisenstein Series. Let (j>(s) be the determinant of the scattering matrix 
(see|Fri05a,Fri05b|for more details). 

Theorem 3.8. 



tx(e- At -e- Aot p )= J (try K T {P,P,t, X )- try k(P,P,t)) dv(P) = 
V e- Amt - — [ cxp (-(1 + x 2 )t) 4 (is) dx 



m£T> 



+ -e- 1 tr 6(0) + A=k(T, x ) logY + ^fc(r, X ) 
4 V'+nt 4 



Proof. Since /(P) = try Kr(P, P, t, x) — try k(P, P, t) € i 1 (J r ), we can rewrite the integral above 
as 



(3 



.11) lim / {tr v K r (P,P,t lX )~ try k(P,P,t)) dv(P) 

oo J jr A 



Ym^ try tf r (P, P *, x) <MP) - try fc(P, P, i) d«(P)^ . 

A standard application of the Maafi— Selberg relations ( see IFri05al , IEGM981 Page 305], or IVen82[ 
Pages 67-70]) gives us 

f tr v Kr(P i P,t,X)dv(P) = 
J Fa 

log(A)fc(r, X )-^= + er x ^-^ J^v{-(l + x 2 )t)^{ix)dx + \e- t tvG{Q)+ o(l 



meT> 
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A straightforward calculations shows that 

tr v k(p,p,t)MP) = Hr,x) [ ^(i-exp( -( lo ^: log ^) 2 )) M P) = 

k(r, X ) f A I k(T,x) [ A I J^L exp M lo gM-logOnn dxdydr 



y Jv \V\V4ni r 6 Jy Jv\V\\[Wt \ t 

Iog(A)A(r,x)-^= - ^=k{T, x )\ogY - ^-k(T, X ) + o(l) 

The term ^—k{T, x) is obtained using a simple m— substitution, 

log(r) - log(y) 
u = . 

y/i 



4. The Relative Zeta-Function and Relative Determinant 

Now that we have an explicit formula for the trace 

tr ( e -4t_ e -A>t po ) 

(Theorem 13.81 1, we can proceed and give an explicit evaluation of the relative zeta-function. 
Since <r(A ) = a ess (A) = [1, oo) when the representation \ is singular, 

q x = dim ker A — dim kcr Aq = dim ker A . 
Following Miiller we define the relative zeta-function £(s, A, A Q ) by 

1 f°° 

(4.1) C(s, A 1 A Q ) = — t*- 1 (tr (e- At - e~ A ° %) - q x ) dt. 

1 \ s ) Jo 

Note that in order for the integral above to converge, we need to know the asymptotics of 

tr(e- At -e- A °%)-q x 

at both t = and t = oo. These asymptotics are given in Lemma [473] 

Since vol(JF) < oo, it follows that IEGM981 Theorem 3.6.4] 

J dim V if x is trivial 
Qx = \ else. 

Theorem 4.1. For Re(s) > 2 

((s,A,A ) = ~Y I (l + x 2 r s ^(ix)dx + Utr&(0) + k(T, X )) 

, *T~i J- IS I 

, fc(r )X )r( a -i/2) 



meX> 



□ 



4^ r(s) 



logy. 



Proof. The proof follows from the standard properties of the Mellin transform, Theorem 13.81 and 
Lemma 14.31 Note that q x cancels out with any of the terms coming from the zero eigenvalues of 
A. ' □ 
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4.1. Asymptotics of the Heat Kernel. The main tool that allows us to study the asymptotic be- 
havior (near t = and t = oo) of the regularized heat kernel is the Selberg trace formula for the 
case of a cofinite Kleinian group with finite-dimensional unitary representations |Fri05a, Fri05bJ. 

Theorem 4.2. (Selberg trace formula) Let T be a cofinite Kleinian group with one cusp at infinity, \ £ 
Rep(r,F), h be a holomorphic function on {s E C| |Im(s)| < 2+6} for some 5 > 0, satisfying h(l+z 2 ) = 
0(1 + \z\ 2 ) 3 / 2 - e ) as \z\ -> oo, and let 

9(x) = ^- [ h(l + t 2 )e- itx dt. 

Then 

(4.2) V h(\ m ) - -L / h(l + t 2 )^-{it) dt = VOl ^ 9 H dim c V [ h(l + t 2 )t 2 dt 



meT> 



{ ^ ce 4| Wiring) { 4 x raiKT)-a(T)-p ^ 

_ tr(6(0))/t(l) 
4 

t r X ( gi ) / 2g(0) log|cd 1 f 00 _ sinh: 



ir • v , 



Here {A m } me p are the eigenvalues of Z\ counted with multiplicity. The summation with respect 
to {i?}nce extends over the finitely many T— conjugacy classes of the non cuspidal elliptic elements 
(elliptic elements that do not fix a cusp) R E T, and for such a class N(Tq) is the minimal norm 
of a hyperbolic or loxodromic element of the centralizer C(R). The element R is understood to 
be a k— th power of a primitive non cuspidal elliptic element Rq e C(R) describing a hyperbolic 
rotation around the fixed axis of R with minimal rotation angle m 2 ^ ■ Further, is the max- 
imal finite subgroup contained in C(R). The summation with respect to {T}i x extends over the 
T— conjugacy classes of hyperbolic or loxodromic elements of T, To denotes a primitive hyperbolic 
or loxodromic element associated with T. The element T is conjugate in PSL(2, C) to the transfor- 
mation described by the diagonal matrix with diagonal entries a(T) , a(T) _1 with |a(T)| > 1, and 
N(T) = \a(T)\ 2 . For s E C, S(s) is a k(T, \) x k(T, x) matrix-valued meromorphic function, called 
the scattering matrix of A, and (f>(s) = det &{s). The elements gi are complete representatives for 
the conjugacy classes of {7 E | 7 is not parabolic nor the identity element }, |C( g ,)| is the order 
of the centralizer in T of the element gi . The numbers c, E C are constants depending on the (?, 
respectively (see ^3.1 .3b . Finally 7 is Euler's constant, and rj^ is the analogue of Euler's constant 
for the lattice A m c R 2 . The term L(A ao ,ipi) is defined in 33X11 See IFri05al lFri05bl IEGM98I for 
more details. 

Next, using the Selberg trace formula, we study the regularized heat kernel. We have 
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Lemma 4.3. Let 9(t) = tr (e A 1 — e A ° t po) . Then there exists constants a, b, c, d so that 

6{t) = at~% + &(logt)£"3 +cfJ +d + O(Vtlogt) as £ ->• 0+, 
and there exists a positive constant c > so that 9{t) — q x = 0(e~ ct ) as t — > oo. 

Proof. Our argument is analogous to [Efr88, Efr91 , Proposition 1]. 

The asymptotics as t — * oo follows immediately from the spectral trace formula (Theorem |3.8t . 
An application of the Selberg trace formula for the pair of functions 



yields (on applying the left side of the Selberg trace formula) the nontrivial terms from the trace of 
the heat kernel in Theorem l3.81 namely 





It remains for us to estimate each term on the right as t — > 



We start with the loxodromic sum 






and so are all the other terms with only g(0) or h(l). 



Next we must estimate 




An elementary u— substitution with u = shows that the integral above decays to zero (expo- 
nentially fast) as t — > + . 

The next integral can be calculated explicitly: 




The last integral 
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requires some work. To study the integral near t = we follow |Efr88, Efr91, Proposition 1]. After 
performing an integration by parts, the integral becomes 

/oo 
xe- tx2 logT(l + ix) dx. 
-oo 

Using Sterling's formula 

logTfl + ix) = (— + ix) log(l + ix) — (1 + ix) + log V2tt + Of — ) as x — > oo, 
2 x 

it follows that for constants j3' , 7' , 6' 

[ e -(i+- 2 )*£!.(i + ix ) dx = p']^l + ^ + s' + O(Vtlogt) as t -» 0+. 
Jb r yt yt 

See [Efr8l|Efr9l] Proposition 1] for more details. □ 

4.2. The Regularized Determinant. In this section we define det(Z\— (1 — s 2 )). For Re(s) > 2 
define 

H(w, s) = H(w, s,A,A ) = —- t™- 1 (tr (e" 4 * - e" 4 ° 'p )) e*' 1 -^ dt. 
By applying the Mellin Transform to Theorem l3.8l we obtain, for Refs) > 2, 

H(w, s)=J2 ( A ™ - (! - s2 )) _ " " J" / + + s ~ 2 ™7 ( tr + Mr, X)) 

men ^ ^ R ^ 

, .- fa ^» fc(r,x)r( w -i/2) 

V47T r(w) 



In order to define det(Z\ —(1 — s 2 )), we will need to know that H(w, s) is regular at w = 0. 

Lemma 4.4. The following hold: 

(1) For fixed s > 2, if s) is regular at w = 0. 
(2) 

|^(0, a) ~ afs 2 - l)i + 2^(s 2 - I) 4 (logf/ - 1) + (7 + log(4) - 2)) 

- 2y/nc(s 2 - 1)2 - dlog(s 2 - 1) as s — ► 00, 
latere 7 z's Euler's constant, and the constants a, b, c, d are from Lemma \4~3\ 

Proof. The proof is a standard exercise using the Mellin transform, Lemma 14.31 and the following 
formulas IGR651: 

' / X \- e e t ( 1 - s \ w - l dt=-^{s 2 -l) w -'T[w-e), e = 0, \, 3 



r(w) 7 ' r(w) v ; v ; ' '2' 2 

_L_ ^ , = n^ ( ,_ ^ ^ _ i, _ log(s , _ 1} ) . 

Here ^(2) is the logarithmic derivative of T(z). Regularity follows from the fact that j=^y vanishes 
at w = 0. See |Efr88. Efr91 , Prop 2 and 3] for more details. □ 
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Next, for Re(s) > 2, define the regularized determinant by 

(4.3) det(Z\-(l-s 2 )) = e -§#(°> s ). 

Our main result, Theorem l5.2l will give the meromorphic continuation to Re(s) < 2. 



5. SELBERG'S ZETA-FUNCTION AND THE REGULARIZED DETERMINANT 

5.1. The Definition of the Selberg zeta-f unction. In this section we define the Selberg zeta-f unction 
for cofinite Kleinian groups with finite-dimensional unitary representations. For more details see 
|Fri05bJ. Suppose T € T is loxodromic (we consider hyperbolic elements as loxodromic elements). 
Then T is conjugate in PSL(2, C) to a unique element of the form 

w-i"? .(t,-0 

such that a{T) e C has \a(T)\ > 1. Let N(T) denote the norm of T, defined by 

N(T)^\a(T)\ 2 , 

and let by C(T) denote the centralizer of T in T. There exists a (primitive) loxodromic element T , 
and a finite cyclic elliptic subgroup £(T) of order m(T), generated by an element Et such that 

C(T) = (T ) x £ (T) . 

Here (T ) = {T n | n G Z }. Next, Let ti, . . . , t„, and t' 1; . . . , denote the eigenvalues of x(T ) and 
x(Et) respectively. The elliptic element Et is conjugate in PSL(2, C) to an element of the form 

( an) o \ 

^ C(To)- 1 J ' 
where here ((To) is a primitive 2m(T)-th root of unity. 
For Re(s) > 1 the Selberg zeta-function Z(s, T, x) is defined by 

dim v 

z(s,v,x)= n n n i 1 - txnr^^r^NiTo)-*- 1 ) . 

{T }eR 3=1 l,k>0 

c(T,j,l,k)=l 

Here the product with respect to To extends over a maximal reduced system 1Z of T-conjugacy 
classes of primitive loxodromic elements of T. The system 1Z is called reduced if no two of its 
elements have representatives with the same centralize^. The function c(T,j, I, k) is defined by 

c(T,j,Z,A ; ) = t^(ro) 2 'C(Tor 2 ' £ . 



7 See |EGM98] section 5.4 for more details 
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5.2. The Relationship Between the Selberg Zeta-Function and the Regularized Determinant. 

One way to study the Selberg zeta-function is to apply the Selberg trace formula to the pair of 
functions, 

h(w) = -r, — —: and 

v ' s 2 +w - 1 B 2 + w - 1 

I \ -ski *■ -B\x\ 

q[x) = — e 1 1 — e 1 ' 

yy ' 2s 2B ' 

where 1 < Re(s) < Re(B). Let Z(s) = Z(s,T,x) be the Selberg zeta-function under Assump- 

tionED We have IFri05bl : 

Lemma 5.1. 

2_ v tr( x (r))iogjv(r ) B 

2B { ^ Qx m(T)\a(T)~a(T)-i\ 2 [ > 

^\\ n -{l-s 2 ) X n -{1-B 2 )) 4irJ R \s 2 +x 2 B 2 +x 2 ) <t> K > 
loo ff 1 1 \ T' trS(O) tr6(0) 



n£D 



2;rT x :F'jX(* 2 +^ 2 # 2 +* 2 ) r (* + * x ) + 4 . s .2 4 />2 



Y> tr X (g«) f 00 _ sinhz 

^TO||l-efpy [2s 2B J coshx _ 1+ \l^l X 

l_ _J_\ tr vX (E)logjV(T ) vol(r\H 3 )dimy 

1 1 \ ^ 2trx(gi)log|cj| (I n 1 / /»7oo \ A ' 



Recall that 



H(w, s) = V ((A m - 1) + s 2 )- 1 " - J- / (.* 2 + sT^x) + a" 2 *^ (tr 6(0) + k(T, x )) 



. f i-^ fc(r,x)r( w -i/2) 
v 7 ^ r(w) 



Applying the following elementary equations: 



'ds\2sds\dw yU + S ' \™=oJJ~ dw ds \2s ds 



-2s 



__ Q (u + s 2 ) 



2\2 ' 



1 fll /"A ji^ r(^-i/2) 
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to H(w,s), we see that 
(5.2) 



1 d ( d 



ds \2s ds \ dw 



H{w, s) 



d d ( 1 d 



dw ds V 2s ds 



-H(w,s) 



E 



-2s 



w=0 meT> 

2s 



1 



4tt 7 R (a; 2 + s 2 ) 2 



Caution. Differentiation through the sum and integral is justified by regularity at w = (Lemma l4~4l l. 
Instead of differentiating first with respect to w at w — 0, we switch the order of differentiation, 
differentiate with respect to s, and restrict w so that w > 2 (where the sum and integral con- 
verge uniformly). Finally we differentiate with respect to w, and using analytic continuation (and 
uniqueness of analytic continuation), we obtain l|5.2l l. 



For Re(s) > set 



(5.3) Q(s) 



'§|C( 5 i)||l-ef| 2 7 



, sinh x 



, cosh x — 1 



|i-^l 2 



(see £]3.1.3l for the definition of e; and <?,). Using the equation 



1 



1 



r' i r' 

7T J K (s^ +r) 1 si 



it follows that 



(5.4) —[L?Lu 

v ; ds\2s Z K ■ 



E 



-2s 



nS-D 

d I 



-2s 



( A „-l + s 2)2 4Wi(s 2 +i 2 ) 2 ^ U) ' 11 



ds 2a [I^ : r'J T 

Ys 



r '(s + l)-^(n-6iiM 



Poo : T^] 
tryx(-R) log iV(T Q ) 



U J- , U . .. 1 

"dl^ 1 ^ (Sjj+ 2s^,4- 4\£(R)\sm 2 (^) 



{J?} nee 



l 

2s 2 



E 



2 trx(ffi) logical 

( \c{ 9l )\\i-^\ 2 



dx, for ej 7^ 1, 



[r 



n > 



'='^+i 



vol (r\H 3 )di m y 



-in 



Simplifying, and recalling the definition of det(/l — (1 — s 2 )) we arrive at 



ds V 2s Z~ 



1 d 

ds V 2s ds 



(log(det(Z\-(l-s 2 )))^ + 



*(r,x) logy _ d 1 



2s 2 



r 



ds2s VFoo : rj r 



(s + 1) 



1 d 
ds V 2s ds 



fi(s) 



2? Cl '2^ C2 + C3 ' 
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where C\ , Ci , C3 are easily read off from (|5.4l l. Next, integrating twice, we obtain: 

logZ(s) = log dct (A-(l- s 2 )) - (s)k(T, x) logy - lx b g r( s + 1) 

I 1 00 ■ 1 00J 

- n(a) - aCx + ^ logs + ^C 3 s 3 + D x + s 2 D 2 , 

where D\ , D% are constants of integration. They can be determined by letting s — ► 00, and applying 
Lemma [4.41 More specifically, Lemma [4.41 tells us the asymptotic growth of log det (Z\— (1 — s 2 )) 
as s — > 00. Noting that 

lim logZ(s) = 0, lim fi(s) = 0, 

s — *oo s — >oo 

and applying Sterling's formula we obtain: 

D 1 = 7 + log(4) - 2 + '~ log V2^, Da = 0. 

We have proved 

Theorem 5.2. For Re(s) > 2, 

log det (Zi -(1 - s 2 )) = logzT(s, r, x) + a (fc(T, x ) log(Y) + d) 



[r j7 F j iogr(s + 1) + n(*) - ^ logs - ^c 3 s 3 - d u 



where 

tryx(R) logiV(To) 
4|£(i?)|sin 2 (-4| T ) 



<* = E 



^ 2trx(ff i )log|c i | 1 / /?7oo \ , ^ rr\ u\ 



2=2^ + 1 



C 2 = (tr6(0)- 
C 3 



[Too : T^] 
vol (T \ H 3 ) dim V 



4tt 
and 

Dj = 7 + log(4) - 2 + *~ log V27 

[J- 00 • 1 00J 

Corollary 5.3. Let T be torsion-free with one cusp at 00, and let xbea regular character (a one-dimensional 
unitary representation). Then 

( ,vol(T\H 3 ) \ 
det (A -(1 - s 2 )) = 2T(s, T, X ) exp ( -s 3 ^ >- + sL(A co » I . 

Corollary 5.4. Lef T be cocompact, and let x be 1 regular character. Then 

dct (Z\-(l-s 2 )) =zT(s,r, X )exp(-s 3 VOl ^ H ^ +sCj , 
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where 

v tYvx(R)logN(T ) 
^ 4\£(R)\sm*(-- 



{R}nce 1 y ' 1 ^m(R), 



Appendix A. Proof of Theorem I3.6I 
In this section we prove Theorem l3.61 That is for P = z + rj, P' = z' + r'j G T Y , we show that 

As usual we are under Assumption ^. II 
The first step is to split up Kr(P, P',t,x) as 

K r (P,P',t,x) = X)x(7)*t(*(i',7i y )) = Ex(7)W.7i y ))+ E x(l)h(S(P,jP')). 
7er 7er 00 7er\r 00 

From IIEGM981 Equation 4.5.9 or Lemma 6.4.2], it follows that 

E |fe t (5(P,7P'))l =0(l)asr^oo. 

Hence 

E X(7)fct(^(i 5 ,7-P'))=0(l) asr->oc. 
7er\r 00 

It remains to estimate 

foo(P,P') = E x(7)*t(W7i")). 

The subgroup is not an abelian group. So in general we can not diagonalize the unitary rep- 
resentation, x restricted to , into unitary characters. However, we have the following lemma 
which is almost as good as diagonalizing \ (see [Fri05b, Lemma 2.4]). 

Lemma A.l. Let oo be the one cusp of T (Assumption 13. IP . Then there exist E,R,S S with the 
following properties: 

(1) = { E k R l S } | < k < m, i,j e Z }. Here R, S are parabolic elements with R(P) = P + 1 
and S(P) = P + t (Tzere Aoo = It) for all P e H 3 , and P is eHzpft'c of order m. 

(2) T' 00 = {R i Si\i,j€Z}. 

(3) T/xe elements R and S commute, but the group is not abelian when m > 1. 

(4) If in addition, m > 1, then x(P) maps onto itself. Furthermore, there exists a basis ofV^ so 
that x(E)\v' is diagonal. 

The notation used in the lemma above is explained in £13.11 
Next we split into two sums, 

iUPP'H E PooX(7)fc t (^(P7P'))+ E (Iv- Poo) xilMKP^P'))- 
761^ 7er 00 
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Lemma A.2 (Poisson Summation Formula). Let f : M 2 i— > C be a Schwartz-class function, and let A be 
a two-dimensional lattice in R 2 = C. Then 

Here A is the dual lattice to A, and f is the Fourier transform of f, 

f(z) = f f(u)e- 2 ™^ du, 
Jw 2 

where (-, •) is the standard real inner product on C = R 2 . 



Lemma A.3. 



E P O oX(7)^WP ) 7P0) = Po O r/^e X p(-i2i!^) + 0(1 ). 

Proof. It follows from the definition of singularity that for 7 6 Too, P m = Poo • Thus 

E PooX(7)fc*(^7^'))-Poo E ^(^7^))- 

7eroo 76r^ 

Using Part[TJof Lemma [A. 11 we can rewrite the above sum as 

m m 

P00E E fct(^(p,^ fe ^p')) = PooE E k t WE- k p,&s i P')). 

k=0i,jeZ 2 fc=0ij£Z 2 

The last equality follows because <5 is a point-pair invariant. Once again applying Lemma lA.ll and 
the definition of 6 we can write the above sum as 

m 

p-E E am, 

fc=0 iijgAoo 

where 

/ |z - z{E k P') + u\ 2 + r 2 + r' 2 

Jk(u) — K t — 

\ 2rr 

We have usecf] the fact that r(E k P) = r(P) = r. Next we apply the Poisson summation to obtain 

E /feH = iAoor l / fe (0) + iA oo |- 1 e am- 

A straightforward computation [EGM98, Lemma 3.5.5] showg^that 

A(0)=rr' 9 (log(^)) 

Where 

exp(-t) / x 2 
q\x) = , cxp — — 



We abuse notation here and let r, 2 represent both coordinates in H 3 and coordinate functions. 
9 |EGM98 Lemma 6.4.2] seems to have an extra factor of "2." 
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Noting that /fc(0) is independent of k, and that 

m \E\ _ [foo : T^] _ 1 
|Aoo| lA^I lAool \V\ 
we recover the leading term of the lemma. To conclude we show that 

/fc(w) = 0(1). 

Since is smooth, is of rapid decay, hence [EGM98, Lemma 6.4.2] 
(A.l) f k (v) = 0((rr'y N \v\- 2N ) for any TV > 0. 

The lemma now follows. □ 

Equation lA.il will be used to show that 

(Iv - Poo) x(7)h(S(P, 7 P')) = 0(1) as r -> oo. 

In order to proceed, we need to understand Iy — Poo as projection operator on the subspace V^. 
First, decompose V into 

v = v 00 ®v^®v£ . 

By Lemma [A. II the unitary representation \ restricted to can be diagonalized in a block matrix 
form with respect to the decomposition V = V^SV^SV^,. Hence we can write Iy— Poo = Pa+Pfc, 
where P a is the orthogonal projection onto and P& is the orthogonal projection onto V^. 

Lemma A.4. 

£ (Iv - Poo) x(l)kt(S(P,7P')) = 0(1). 

Proof. We first show that 

P a x(l)h(S(P,7P')) = 0(l). 

The proof is almost identical to the proof of Lemma IA.3I except that the term corresponding to 
u> = 0, is zero. Indeed, 

m / tn \ 

PaY, Yl x(E k K l S' ] )k t {5{P,E k E l SiP'))= ^x(S) fc Pa £ k t (5(P,E k R l S^P r j), 

fc=0ij'GZ 2 \k=0 / i,jeZ 2 

where x(E) is a diagonal matrix with each element on the diagonal a finite root of unity not equal 
to one. Since the order of each root of unity divides m we must have 

m 

$>(£) fc = o. 

fc=0 

Hence the "constant term" (the term corresponding to lu = cancels out). 
Next, to show that 

J2 P b x(l)kt(5(PnP')) 
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is bounded it suffices to estimate the lattice sum 

(A.2) P fc J2 k t (S(P,R l S'P')). 

i, jet? 

Since R and S commute, we can diagonalize xfi'oo) restricted to Vj, . Hence we can assume that x 
is a lattice character of the form 

X {R l S n ) = exp(27ri(Wfl + nSs)). 

Now we can rewrite l|A.2|l as 

E exp{2ni(W R + n6 s ))k t {S{z + rj, I + nr{z' + r'j))) 

l,n£Z 2 

By unraveling the definition of P&, it follows that at least one of Or, 9s is not an integer. By apply- 
ing the Poison summation formula to the function 

fi(w, v) = exp(2iri(w0R + v9s))k t (S(z + rj, w + vt(z' + r'j))), 

we obtain 

E A(l,n)= E h{l,n). 

However the exponential factor exp(27ri(Z#R + n9s)) shifts the Fourier transform of the function 
f2(w, v) = k t (8(z + rj, w + vt(z' + r'j))), and wipes out the unbounded "constant term" /2(C), 0). 
In other words, if we applied the Poisson summation formula to /2 , we would see, as we did with 
A, that 

E Ml,») = /2(0,0)+ £ h{l,n). 

l,neZ 2 l,n£Z 2 

(i,n)/(0,0) 

The latter sum decays, while the first term would not. The effect of multiplying exj>{2iri(w9 r+v9 s)) 
is to shift the sum away from the integers. That is 

E AM= E Mi + <*,n + p), 

l,n£Z 2 l,neZ 2 

where 

(0,0) £1? + (a,P). 

Hence we can apply iA.l} to conclude the lemma. □ 
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